Butcher Tableaux

The general form of a Runge-Kutta scheme (state n — n + 1) to solve the ODE

dy
% - f(:r:,y)

is

53/0 = oz f(xn + apdz, yn)
dy1 0x f(xp + a10z, yn + b1odyo)
dys = 0z f(2n + a2dx, yp + b2odyo + b210y1)
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(see Numerical Recipes, Sec. 17.2). This is not quite the syntax used previously in class or in the
book—the count starts at 0 to facilitate translation of the algorithm into Python. The method is
defined by s, the number of stages, the offsets a; and bj;, and the weights c;.

The whole scheme is often written compactly in the form of a Butcher tableau:

ap boo bor -+ bos—1
ay b1o bin 0 bis—a

as—1 | bs—10 bs—11 -+ bs—1s-1
co et Ceet

Butcher tableaux for some of the schemes we have explored follow.

%

FEuler

Implicit Fuler



Midpoint

0
11
212
0 1
3/8 Rule
0
1| 1
3] 3
2| 1
3]-3 1
171 -1 1
13 3 1
8 8 8 8
Runge-Kutta 4
0
111
212
1 1
210 2
110 0 1
11 1 1
6 3 3 ©

Note that blank spaces in the 2-D b array should be interpreted as zeros, and any nonzero element
on or above the diagonal means that this stage in the algorithm is implicit.



