PHYS 631: General Relativity
Homework #2
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April 25, 2019

1. A particle in Minkowski space travels along a trajectory:
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(a) What are the spacelike components of the 4-velocity, U*?
Solution:
The spacelike components of four velocity is

ox’

UZ@T

= (2ar,1,0)

(b) Using the relation U - U = —1, compute U°.
Solution:
The inner product of the four velocity vector U* = (U°UU2U3) is
U-U=—U")+ (U + U+ (U*?=-1
= —(U°)?+4a?7*+1+0=-1

— U" = +/2 + (2a7)2

This is the timelike component of velocity four vector.

(c) What is the 3-velocity of the particle as a function of 77
Solution:
The spacelike components are given by

Vi — v 2ar 1 0
uo V24 2a1)? /2 + (2a7)2

2. (Schutz 3.24) Give the components of <§> tensor M®# as the matrix

0 1 0 O
1 -1 0 2
2 0 0 1
1 0 -2 0

find:



(a)

the components of symmetric tensor M (aﬁ) and antisymmetric tensor M[@A]
Solution:
The symmetric tensor can be written as

MaB) — % (Maﬁ + Mﬁa)

When the indices are switched the elements of the tensor are

0o 1 2 1
0 -1 0 O
0O 0 0 -2
0 2 1 0
Using this we get the symmetric form
[0 1 1 1/2
@ _ | 1 —1 0 1
M I 0 0 -1/2
|1 /2 1 =1/2 0 |
Similarly the anti symmetric tensor is
[0 0 -1 —1/2]
[f] _ 0 0 0 1
M 1 0 0 3/2
11 /2 -1 =3/2 0
These are the required matrices.
the components of M* g
Solution:
This can be written with the metric tensor as
0 1 0 0
o wo |1 =1 0 2
M =9opM™ =1 5 o ¢ 1
-1 0 -2 0
the components of M”
Solution:
This can be written with th metric as
0 -1 0 0
1 -1 0 2
B _ o _
1 0 -2 0
the components of M,z
Solution:
The previous tensor can be used to calculate this
0 -1 0
- -1 -1 0 2
M(X,B = goBMa = —9 0 0 1
-1 0 -2 0



3. (Schutz 3.30) In some O , the vector U and D have the components
U — (1+2,£2,v/2t,0)
D — (z,5tx, V/2t,0)
and the scalar p has the value
p=a? 12—y

(a) Find U-U ,U-D , D-D. Is U suitable as four-velocity field? Is D?
Solution:

The components of U, are U, = (—(1 + t?),t2,4/2t,0) and the components of D, are Dju =
(—x, 5tx, v/2t,0) so the dot products are

U-U=UUpu=(—14+tH2 4" +22 4+ 0) = -1 -2t> —t* +t* + 212 = —1
D-D=D!'D, = (—2®+ 25t°2* + 2t* + 0) = 2*(25¢* — 1) + 2¢>
U-D=U"D, =—x(1+t*) + 53z + 2t* = 2(5t> — t* — 1) + 2¢
Since the inner product of U with itself is —1 its is suitable for a four velocity while D is not (except

possibly for fixed values of z and t). O

(b) Find the spatial velocity v of a particle whose four-velocity is U,, for arbitrary ¢. What happens to it
in the limits ¢ — 0 and t — oo?

Solution:
vt = E = 7t2 7\/% 0
U0 1427142
In the limit ¢ — co we get v = (1,0,0) and in the limit ¢ — 0 we get v = (0,0,0) O
(¢) Find U, for all «
Solution:
With the Minkowski metric the values of U, is Uy = (—(1 4 t)2,2,/2t,0) O

(d) Find U? g for all o, 8
Solution:
The vales are

2% 0 0 0
o _ U _ |2t 0 0 0
B B V2 0 0 0
0 00 0

(e) Show that US s = 0 for all 5. Show that U*U, s = 0 for all 5.
Solution:
For various values of 8 U U is

9
ﬁzO::UaU)%:ﬁ(—(1+t2)2+t4+2t) = 21 +t?)-2t+4t3+4t=0

ﬂ:l::UaUﬁ:(%(—(1—1—7?2)24—754—1—275)=O

ﬁ:2::UaU3:(%(—(14—752)24—754—&—275):O

ﬁ=3::UaUﬁ‘=%(—(1+t2)2+t4+2t):o



We have U*U, is the inner product of U - U and so U - U = U*U, = U, U® so the expression

UUy = (UsU) 3 =0,

Find D? 4
Solution:
It is simply the divergence of vector D so we get

dxr  O5tz  OV2t 00
B _ Y% Yo T
Do=% "0z *oy Ta:="

Find (U®DP) g for all a.
Solution:
The components of tensor U*D? are

(1+t)x Ste(1+t3) V2t(1+t3) 0

Ueps — 2z 5t3x V2t3 0
V2tz 5v2t%x 22 0

0 0 0 0

Now the derivatives (U“D”) 5 has the components
a=0:2tx+5t(1 +t°) + 0+ 0 = 2ta + 5t(1 + t*)
a—1:2tx+5t°+0+0 = 2tz 4 5t°
a=2:v2r+5V2% + 0+ 0 = v2z + 5v2¢>
a=3:0

So the components are (UD?) 5 = (2tz + 5t(1 + t2), 2t + 5t3,v/2z + 5v/2t2).

Find U,(U*D?) 5 and compare result.
Solution:
We have the components of U, = (—(1 + t2),¢2,1/2t,0) and we have obtained

M® = (U*D?) g = (2tz + 5t(1 + t2), 2tz + 5t°, V2 4 5v/2t%)

Un(UDP) g = Uy M
= (—(1 + t3)(2tx 4 5t(1 + t2)) + 22tz + 5%) + V2t(v/ 22t + 5V/2t%))
= —bt
We see that this is equal to —D% and using the fact that U, U = —1 we can rewrite
Ua(U*D?) 5 = —Df, = (U,U*) D’

This shows that the associative property in tensors hold.

Find p , for all a. Find p® for all «
Solution:
The components are

_ (90 9p 3p Op\ _ _
p’a_<8t’8x’8y’6z = (2,20, 724,0)



The raised version is

p? = (=2t,2z,-2y,0)

O
4. (Schuts 4.17) We have defined o = U,U A. Go to the non-relativistic limit and show that
a' =0+ (v- V)
Solution:
Writing out the components of the above expression we get
our out out ouUt
[ 7U0 Ul 7U2 7U3
“ 0x0 + ox! + Ox? + Ox3
The spatial components are
. oUt Ut oU? out .
i UO 7U1 7U2 7(]3
@ T 90 Ox! + Ox? + Ox3
In the non relativistic limit U° = 1 and U*® = v* where v* is the component of velocity so we obtain
.ot ot o' o'
[ T Yy z
T T Tt T
This expression can be rearranged into
- ; - ~ - ~0 -0 0 ,
7 _ 3 x Yo Zk . > > ki 7
a'=19"+ (v + vY3 + v7k) <18x+‘78y+ 8z)v
Since the nabla operator is the middle term in above expression we get
a' =0+ (v- V)
This is the required expression. O

5. Consider a stationary, ideal fluid of the form:

o O O

T =

coo
oo Ngo
oo o

P

For the moment, you should assume that the stress-energy tensor is constant in time and throughout space

(a) Compute the stress energy tensor T#” in a frame moving at a speed, v with respect to th frame along
the x-axis.
Solution:
The transformation matrix is

vy 8 0 0
a8 v 00
Mdlo o0 10
0 0 0 0

The components of the transformed tensor are
T = AR [APT™]
= AL [AGTHO + ATTH + ASTH? + A5TH]



Since the off diagonal elements of T#” are all zeros we get zeros for all j
T = A [AST®) + AF [ASTY) + A [AST®2) 4 AF AT

So we get the transformed tensor as

Yp+0*P yop++*vP 0 0 Y(p+v*P) ~FYu(p+P) 0 0
Y2op+ 2P Y2PP+4%p 0 0 Yv(p+P) A*(*p+P) 0 0
0 0 P 0| 0 0 P 0
0 0 0 P 0 0 0 P
This is the required transformed tensor. ]

Suppose the pressure is a fixed ratio to the density. Compute the stress energy tensor in the moving
frame for i) P = 0 (dust), ii) P= 1/3p (radiation ) iii) P = —p (cosmological constant).

Solution:

for P = 0 we get

Yp up 0 0
Yup y*vPp 0 0
0 0 00
0 0 00
for P =1/3 p we get
72(p+3f%p) 72v(%p)1 0 0
Yo(z0)  Y@p+3zp) 00
0 0 ip 0
0 0 0 3p
for P = —p we get
p 0 0 O
0 —p 0 O
0 0 —p O
0 0 0 —p
These are the transformed tensor. O



