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1. Using the rules of bra-ket algebra, prove or evaluate the following:

(a) tr(XY) = tr(YX), where X and Y are operators
Solution:
The definition of trace of an operator is tr(A) = Z (a’'|Ala’). Using this definition for operator

a’

XY we get
r(XY) =Y (a|XY]a)) ( Definition)
=> Y (@|Xla") (@"Y]a") (D la"}a"| =1)
= Z Z (a"Yl]a") (d'|X|a") (Complex number commute)
=Y (@"lyX|a") O la')a'| =1)
a// a/
=tr(YX) (By definition )

Thus tr(XY) = tr(Y X) as required B

(b) (XY)" =YTXT, where X and Y are operators.
Solution:

Let |a) be any arbitrary ket.
Let Y |a) = |v) —DC = (oY = (]
Using this fact and operating the arbitrary |a) by the operator XY we get,

XY |a) = X |y) (Y |a) = |v) by assumption)
(ol (XY)T = (4] XT (" Taking DC on both sides)
(ol (XY)" = (a| YTXT (o (= (alYT)

Which implies (XY)! = XTYT B

(c) exp(if(A)) = 7 in ket-bra form, where A is a Hermitian operator whose eigenvalues are known.
Solution: ) .
Assuming the function can be written as eX = 1+ f(X) + % + % + .-+, where X is an
operator in the ket space. We have

A — Zeif(A) /)| < Z la'Yd'| = 1)



Here |a’) are the eigenkets of the operator A as it is given to be a Hermitian operator. Using the
expansion for e*/(4) we get,

T Z 3 <1 +r(A) + f 2('/1) i ?E'A) L. ) '] ( S Ja/a'| = 1)

a’

=3 (I + FA) )+ AW o) +--- ) @] (2 X(j)B]) = (X [a)) (81)
2!
= (1) + @) o) + 2@ )+ ) @] (SO = F) o) for Hermitian X)
2!
=30 (1 )+ g2+ ) ) g (- (ala)) {8 = alla)al))
2!
=>_ e/ a\a|

Which is the required form for the operator e/(4). W

2. A spin 1/2 system is known tobe in an eigenstate of S - i with eigenvalue ii/2, where 11 is a unit vector

lying in the zz-plane that makes and angle v with the positive z-axis.

(a) Suppose S, is measured. What is the probability of getting %/2
Solution:
For a two state system the general stae of system can be represented as |n;+) = Cosg [+) +
el Sing |—), where « is the polar angle and § is the azimuthal angle. For this problem the polar
angle is & = 0 and azimuthal angle is 8 = . So the given system and |S,;+) states are
. 1

7 gl 1
n;+) =sin - |[+) +cos - |[=); |Se;+) = +)+—=I-
B54) = sin g [+ +eos 15 1S 4) = 5 )+ ]

Since by definition the probablility of measuring any state that is known to be in |beta) in a state

)

la) is given by |(a|B)|*. So the probability of measuring |S,;+) state when the system is known to
be in |f; +) stae is

(5 His 0 = [( 5 (1 5 1) (sin ] 1+ con 3 1)
J
2

So the probability of measuring the |ii) state in |S,;+) state is (1 + sinvy)/2. B

(b) Evaluate the dispersion in S, —that is (S, — (S;?)))
Solution:
The S, operator is S, = Z(|4+-)—|+ |-X+|). The result of S, state operated on the system at |f1)
is
h

Su ) = SN+ =Xt Dsin D [+ + cos T =) = Deos Ty + Din T |-y



And the dual correspondence of the state |n) is (fi] = sin 7 (+]4cos 3 (—|. So the expectation value
of S, is

h.
= —sinvy

T Y, N(h ooy \N_hfo.ov v
(Sz) = (A]S,|h) = (sm§ (4] + cos = ( |) ( cos o [+) + 751n§| )) = 5(2511&7605 7) 5

2 2 2 2 2
Also the expectation value of operator S?2 is

(52) = {018, ola = (sin 3 (41 -+ cos 2 1) (G001 + 14D ) (Feon J 141+ Gsind 1))

= (sin% (+| + COS% (—|) (T (Sing |+) + COS% |_>)>

h2

= Z (sm g + cos? %)
h2

vy

Now the dispersion by definition is

2 9 )
(ASZ) = (S2) — ((S2))* = T (ZSiH’Y> = %(1 —sin®y) = %cos27

Which gives the dispersion in measurement of S, of the system in |f1). H

3. Construct the transformation matrix that connects the S, diagonal basis to the .S, diagonal basis. Show
that your result is consistent withthe general relation U = Z ‘b(") ><a(r)
T

Solution:
The states |S,;+) in the |S.;+) = |£) state is given by |S.;£) = %(H—) +]-)). Since we know the
transformation matrix form is

|:<Sa:;+|+> <Sz;+|_>]:1|:(<+|+<_|)|+> (H+ (=D = q {1 1}
(Sei=l+) (Sei=[=)] V2 [(+H = (=D+) (+H=(DI=)]  ve [t -1

Let |p) = a|+) + a|—) in the old S, basis. such that a = (+|p) and b = (—|p). This ket is transformed
into

11 1][a] 1 1
=1 [b]=ﬂ<a+b>|+>+ﬁ<a—b>|—> 1)
7<|+>+|—>>a+f<\+> )b ®
T4+ 1) (b + (04 = 1) (-1 3

= ([Sw; +) (+1+ 15 =) (=) |p) (4)

Which is in the form of Y [b")Xa"|. B

4. Prove that (x) — (x) + dx’, (p) — (p) under infinitesimal translation.
Solution:
Since given

[x, T (dx)] = dx;= xT (dx) — T (dx)x = dx; xT (dx) = dx + T (dx)x



Let the state of system under translation be |3) = T (dx) |a) , thus (8] = (a| TT(dx). Now the expectation
value of system before translation is (x) = (a|x|a). The expectation value after translation is

(
( )
= (a|T"(dx)(dx + T (dx)x)|a)
= {(a|T1(dx) + T (dx)T (dx)x|a)
(a|TT(dx)
(a|T"(dx)
d

So the expectation value of position after translation is (x) 4 dx.
Similarly for momentum

|B) = T (dx) |a), thus (3] = (a| TT(dx). Now the expectation value of momentum before translation is
(p) = (o|p|a). The expectation value after translation is

(p) = (Blp|B)
= (a|T"(dx)pT (dx)|a)
= (a|T"(dx)(0 + T (dx)p)|e)
= (a|T"(dx)T (dx)p|a)
= (alpla)

So the expectation value of system after translation is still (p). W



