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1. (Jackson 6.11) A transverse plane wave is incident normally in vacuum on a perfectly absorbing flat
screen
(a) From a law of conservation of linear momentum , show that the pressuer exerted on teh screen is equal

to the field energy per unit volume in the wave.
Solution:
We can choose our coordinate system such that the z axis lies along the direction that the plane
wave travels. Since electric amd magnetic fields are perpndicular to each other and to the direction of
propagation the electric field and magnetic field become

E = Eî H = H ĵ

The momentum conservation equation for jth component of the momentum is

d

dt
(P fields + Pmech)j =

∮ ∑
i

Tijnida (1)

From the way we chose our coordinate system n only has component along the k̂ direction, the index
for which is 3 so we can replace the summation by a single term∑

i

Tijni = T3j

The stress energy tensor Tij is given by

Tij = ε0

(
EiEj −

1

2
E2δij

)
+ µ0

(
HiHj −

1

2
H2δij

)
Calculating the the component of the tensor in the rquired direciton we get

Tj3 = ε0

(
E3Ej −

1

2
E2δ3j

)
+ µ0

(
H3Hj −

1

2
H2δ3j

)
=

1

2

(
ε0E

2 + µ0H
2
)
δ3j

Again by our choice of coordinate system the component of momentum is also along the z axis so the
only non vanishing component of momentum is in that direction.

Pj=3 =
1

2

(
ε0E

2 + µ0H
2
)
δ3j

∣∣∣∣
j=3

=
1

2

(
ε0E

2 + µ0H
2
)

The expression on the right is the expression for the energy density of electromagnetic wave so rthe
expression can be written as

P3 = u
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where u is the energy density. Since the force is the change in momentum per unit time, and since
the initial momentum is zero, we get

F = (P3 − 0)/t = P̄3

where ·̄ is the time averaged momentum. Which is equal to time averaged energy density, thus we get

F = ū

This shows that the energy density is energy density of the field. �

(b) In the neighborhood of the earth the flux of electromagnetic energy from the su is pproximately 1.4
kW/m2. If an interplanetary “sailplane” had a sail of mass 1g

m2 of area and negligible other weight,
what would be its maximum accleartion in meters persecond squared to the the solare readiation
pressure? How does this compare with th eaccleartion due to solare “wind”( corpuscular radiation)?
Solution:
The flux relation to the energy density is u = flux

c so we get

P =
1.4× 103

3.0× 108
= 5× 10−6 N

m2

So the accleartion (a) can be calculated as

a =
PA

m
=

P
m
A

=
5× 10−6

1× 10−3
= 5× 10−3m

s2

The the accleartion is a = 5× 10−3m
s2 �

2. (Jackson 7.1) For each set of Stokes parameters set s0 = 3, s1 = −1, s2 = 2, s3 = −2, deduce the amplitude
of the electric field, up to an overall phase, in both linear polarization and circular polarization bases and
make an accurate drawing similar to Fig. 7.4 showing the lengths of the axes of one of the ellipses and its
orientation
Solution:
The stokes parameters are defined for linear polarization with the following relations

s0 = |E1|2 + |E2|2

s1 = |E1|2 − |E2|2

s2 = 2Re(E∗
1E2) = 2|E1||E2| cos(θ2 − θ1)

s3 = 2Im(E∗
1E2) = 2|E1||E2| sin(θ2 − θ1)

Inverting these relations we get

|E1| =
√

s0 + s1
2

= 2 |E2| =
√

s0 − s1
2

=
√
2

θ2 − θ1 = acos

(
s2√

s20 − s21

)
=

π

4

With these paameters we get the components of electric field as

E =
(
|E1|eiθ1 , |E2|eiθ2

)
= eiθ1

(
|E1|, |E2|eiθ2−iθ1

)
Sice the phase factor in fron is arbitrary we can ignore it because we can always achieve zero phase factor
by rotation of choice of axes. Similarly for the circular polarization case we have the stokes parameters
defined as

s0 = |E+|2 + |E−|2

s1 = 2|E+||E−| cos(θ− − θ+)

s2 = 2|E+||E−| sin(θ− − θ+)
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Similarly inverting these field amplitudes in terms of parameters give

|E+| =
√

s0 + s3
2

=
1√
2

|E−| =
√

s0 − s3
2

=

√
5

2

θ− − θ+ = acos

(
s1√

s20 − s23

)
= acos

(
−3√
5

)
Now the field cmponents are

E =
(
|E1|eiθ1 , |E2|eiθ2

)
= eiθ1

(
|E1|, |E2|eiθ2−iθ1

)
With the parameter for E1 and E2 and the phase difference the diagram can be plotted. �

3. (Jackson 7.3) Two plane semi-infinite slabs of the same uniform , isotropic, nonpermeable, lossless dielec-
tric with index of refraction n are parallel and separated by an air gap (n = 1) with width d . A plane
electromagnetic wave of frequency ω is incident on the gap from one of teh slabs with the angle fo incidence
i . For linear polarization both parallel and perpendicular to the plane of incidence

(a) Calculate the ratio of power transmitted into the second slab to the inciden power and the ratio of
reflected to incident power.
Solution:
Let i is the incident angle and r is the angle of refraction by snells law we have

n sin i = sin r

where n is the refractive index. We can rearrange thi sto get

cos r =
√
1− sin2 r =

√
1− n2 sin2 i

The value of cos r is purely imaginary when i is greater than critical angle for total internal reflection.
To find the transmittedn and replected components in terms of th eincident component we can use
the interface matching. In the first interface

Ep = Ei + Er = E+ + E−

Hp = n(Ei − Er) cos i = (E+ − E−) cos r

Here we have Ep and Hp are the parallel components of electric and magnetic field.
In the second interface we have

E+e
ik·d + E−e

−ik·d = Et

(E+e
ik·d − E−e

ik·d) cos r = nEt cos i

Solving for E+ and E− in terms of Er and Ei we get

E+ =
1

2
Ei

(
1 +

n cos i

cos r

)
+

1

2
Er

(
1− n cos i

cos r

)
E− =

1

3
Ei

(
1− n cos i

cos r

)
+

1

2
Er

(
1 +

n cos i

cos r

)
(2)

Similarly the condition with the second interface can be solved to get

E+ =
1

2
eik·dEt

(
1 +

n cos i

cos r

)
E− =

1

2
eik·dEt

(
1− n cos i

cos r

)
(3)
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Let us write ε = n cos i
cos r Euation. (2) and (3) can be solved to get

Et

Ei
=

4ε

(1 + ε)2e−ik·d − (1− ε)2eik·d
(4)

Er

Ei
=

(1− ε2)(eid·k)

(1 + ε)2eik·d − (1− ε)2eik·d
(5)

This gives the ratio of transmitted to reflected amplitudes. The power is proportional to the square
amplitudes so the ratio of transmitted power to the incident power is

Pt

Pi
=

E2
t

E2
i

=

[
Et

Ei

]2
and similarly the reflected power ratio is

Pr

Pi
=

E2
r

E2
i

=

[
Er

Ei

]2
These are the required ratios where the ratios of amplitudes are calculated. �

(b) for i greater than the critical angle for total internal reflection, sketch the ratio of transmitted power
to incident power as a function of d in units of wavelength in the gap.
Solution:
In the equations (4) and (5) we can write the ration ε and the phase k ·d as purely imaginary numbers
and simplify those quations to get the function of th ratios. So assuming the phase and the ratio to
be complex we get

ε = iα k · d = iβ

Using these in (4) and (5) we get

Tt

Ti
=

[
2iα

2iα coshβ + (1− α2) sinhβ

]2
=

4α2

4α2 + (1 + α2) sinh2 β

and smimilarly the ratio of reflected to transmitted power is

Tr

Ti
=

(1 + α2)2 sinh2 β

4α2 + (1 + α2) sinh2 β

Substuting β = kd and since n = 1 we get ε = cos i
cos r we get

Tr

Ti
=

(1 + α2)2 sinh2 kd

4α2 + (1 + α2) sinh2 kd

Graphing this function as a function of d
λ we get.

�
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