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1. Use contour integration to compute the integral

1
I—/ dx
N ; (a2+$2)m

where a is real and the integrand has a branch cut running from —1 to 1. Sketch the contour you have
chosen and carefully justify your reasoning to evaluate or neglect each portion of the total integral.

Solution:
We can write the above integral as
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Figure 1: There are poles at £1 and +ia .Since the function
is even the integral along two vertical lines will be equal and
opposite and vanish. The integral along the bottom horizontal
line is what we want, and the integral along the top horizontal
line will vanish because at large value of z; @ 2+22) v = O In

the closed contour integral only leaves the integral along the x
axis from —1 to 1.
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The only terms left in the RHS of Eq. (1) is I
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So the required integral is [ dz =z .
1 (a2+4x2)V/1—22 av'14+a?

. Work out the details of the contour integral in the context of quantum scattering problem. The problem
involves evaluating the integral

oo

I(0) = / x sin xdx

xr2 — g2
—0o0

The integrand has poles on the real axis, and so is only defined as a Cauchy Principal value, deforming the
path of integration to avoid the poles using small semicircles of radius € centered on x = +o. State clearly
the assumptions you make and the contours you choose, and show that

I(c) =7mcoso.

Solution:
There are two singular points at +o. If we write the function as

Im(z) ,
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Taking this contour, the, integral along the big semicircular contour will go to zero by Jordan’s Lemma. The
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integral along the line includes two semicircular hops.
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Our original integral was I(o) = Im [§ f(z)dz] =Im[micos(c)] = 7 cos(c). W

8a) Find the series solution of the equation
(1= 2?)y" () — 2y (x) + ny(z) = 0

that is regular at x = 0. Under what circumstances (for what values of n) does the series converge for all

x?
Solution: -
Let the solution be y(z) = 3" a,2"**; where ag # 0. Then the first two derivatives are.
r=0
y'(z) = Z(r + k)a,a"thL y'(z) = Z(’f’ +k)(r+k — 1)a,a"tF2
r=0 r=0

Substuting these back into the given differential equation we get.

Z(r +k)(r4+k—1Daz"*2 - Z(r +E)(r+k—1az"t* Z(r + E)ayz"tF + Zn a,x
r=0 r=0 r=0

If we take out two terms from the summation sign in the first expression, we get

oo

k(k — 1)agaz”

r=2 r=0

Since r is a dummy index > (r+k)(r+k—1)a,z" *~2 can be written as Y (r+k+2)(r+k+1)a, 22" "
r=2 r=0

k(k — Daoz" 2 + k(k + 1)az" "' + Z [(r +k+2)(r+k+Darie—(r+k)(r+k—1a, — (r+ karz" T + nzar] 2" =0
r=0

Since we are expecting solution that is to be true for everyvalue of x every coefficient of each "% should
go to zero. If it didn’t then we would have a polynomial of degree r + k which would give r 4+ k solutions
for  and would not be true for any general = other then the solution to it.
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Equating the coefficient of 2%~2 to zero we get k(k — 1)ag = 0;= k = {0,1}.
If we choose k = 0 then the coefficient of z*~1 which is k(k + 1)a; goes to zero. So a; can be any arbitrary
number. If we choose k = 1 then the coefficient of *~! which is k(k + 1)a; = 0 requires that a; = 0. So

| arbitrary if k£=0
“T1 0 if k=1

Also the coefficient of 2"+* should be zero for every value of r > 0. Equating the coefficient of 2" % = 0
we get
r+k)? —n?
r4+k+2)r+k+Darss = ((r+ k)% —n?) a,; = Qpig = ( Q.
( ) Jarsa = ((r + k) ) P k+2)(r+k+1)
fork =0
for k=1
2 _ 2
Opio = ——————a
ey (r+1)?
—n? Uryg = T————v0p; a1 =0
a = T +3)(r+2)
2! 1—n2
1—n? as = ——ag
a3 = —(— Qa1 3!
3! 92 _ 2
22 —n? n?(n? — 22) as a;
ayq4 = 1.3 [ 41 ap 3'
. ! 32 2 2 _ 1 2 _ 32
32 —n? (n? —1)(n? — 32%) a4 = i ag = (n )(n )ao
as = ay = ay 5-4 5!
5-4 5!
as = 0
The solution then is
The solution then is
n2 n2(n2 — 92
yo(x):ao{l—'x2+(|)x4+-~-} n?-1, @W>=3)n>-1)
2! 4 yi(x) =apqx— TR =] x
n?—1 5, (?>=3)(n?*-1) 4 ) :
‘a1 yr— 3l z° + 5l o+

The two solution obtained above are linearly dependent so, we will analyze convergence for the first solution.
yo(z) has a form of
yo(x) = ap{Even Function of x} + a1{0dd Function of z}

Foe n = Even Integer, the Even function will be a n'” degree polynoial and similarly for n being odd.
For the convergence of series, we get from the recurrence relation,

t a r2 —n?
r+2 = lim ﬂxQ = lim 7332 = Jj2
t, =00 r—oo (r+2)(r +1)

lim
77— 00

For convergence lim t'ti < 1 which implies that 2 < 1;= |z| < 1 For this series to converge for all values
r—00 ”

of x, the above ratio should be less than 1 for some value of n, but it doesn’t happen for any n. So the
series can’t be convergent for all values of z. B

(b) Find the series solution of the equation

42%y" + (1= p*)y =0
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Solution: -
Let the solution be > a,2"** where a # 0. The Second derivative is

r=0

o0 oo

y(@) =Y (r+kaa™ Ly (@) = S+ k) + k- Dagatth?

r=0 r=0

Substuting these back into the given differential equation we get.

oo

Z4r—|—kz(7“+k—1 Hk—!—Zl— Yapz"TF = 0; :>Z[4(7‘+k)(7’+k—1)a7.+(1—p2)a,.]x’”+k:O
r=0 r=0

Since we seek the solution of differential equation which is true for every value of x, it requires that every
coefficient of 2"** vanish.

{4r+K)(r+k—1)+ (1 —p*)}a, =0; for r >0
Since we suppose ag # 0,
dk+r)k+r—1)+0—p*)=0;= 4k +7r)? -4k +7r)+ (1 —p*) = 0;

The solution to the quadratic equation in k has the solution

44+ /42 —4-4(1 — p? 1
k4r= \/ 51 ( p); :>k—|-r=§(1:|:p)

Putting back the value of 4+ r in our original solution we get,

x) = Z ayx"tF = Zarx%[lip] = (Z ar> s[ltp] — §x%[1ip}; Where ¢ = Zar(Constant)
r=0 r=0

r=0

So the two independent solution for the equation are y(z) = & 221 and y(z) = &2 (-7, W

Given the one solution of the differential equation
y// i 2xy/ -0

is y(x) = 1, use the Wronskian development to find a second, linearly independent solution. Describe the
behavior near z = 0

Solution:

Comparing with y” + p(z)y’ + ¢(x)y = 0, p(x) = —2z So,

/p(ac)dw = —2?

We have y; (z) = 1. The second solution is

szmm/iﬁgmz/ﬁm

The function is well defined near z = 0. W
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4. A function f(x) is periodic with period 27, and can be written as a polynomial P(z) for —m < z < a and
as a polynomial Q(z) for a < < w. Show that the Fourier coefficients ¢, of f go to zero at least as fast as
Y 2 as n — ooif P(a) = Q(a) and P(r) = Q(r) (i.e. f is continuous), but only as 1/n otherwise.
Solution:
The fourier coefficeent is given by.

T

:/f(x)e*m"”dx: /aP(x)eW”dx—l—/Q(x)eimdx

a

Integrating by parts

) = {P(Z‘) e_;r:] N [Q(m) e_::] N / e—inT / Q e—inz

P( ) cos(nm)

/ PET / L

[(Pl@) ~ Qe + @) ~ P(-m)costnr))] + [ P) / O

1
n

1
If we continu: on this way.
[(P(a) = Q@)™ + (Q(r) — P(—m)) cos(n))] +

[(P/(@) = Qa)e™™ + (Q/(7) ~ P'(=m) cos(um)] +++++ oz [ PO(a)

1
Cp =—
n
1
n2

4 /Q(T)(z) e;:m
(2)

Let the order of polynomials P(x) and Q(x) be k; and ks respectively, are polynomials the derivatives will
terminate when r > max{k, ko} We will then have a expression for ¢,, which is a polynomial of %

If P(a) = Q(a) and P(—m) = Q(m) the first term of the Eq. (2) will vanish and ¢,, goes at least as -%. It can
go faster to zero if also the derivatives are equal then second term goes away. If the function do not agree
at the boundaries then the first term of the ¢, does not vanish and ¢, goes only as fast as % |

fa) Find the Fourier series Y | b, sin(nmz) for —1 < z < 1 for the sawtooth function

f(x):{lx (-1<z<0)

1—x (0<z<]) 3)

Solution:
The period of the function is T' = 2, The fourier coefficient can be calculated as

0 1
= %/f(x)sm(mrm) =— /(1 + x) sin(nmx)d / (1 — ) sin(nmx)dx
1 0
1
nm

_ _[nlw+ coif: )} { N cos(mr)}

nm

So the series solution is f(z) =Y " 2 sin(n7rz). B
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(b) Plot the partial sums Sy(x) = 25:1 by, sin(nmwz) of the series for 0 < < 1, in steps of dz = 0.0005, and
N =1,5,10,20,50,100 and 500. What is the maximum overshoot of Fourier series in the case N = 500,
and at what value of x does it occur?

Solution:
The maximum overshoot for N = 500 occurs at x = 0.0020 and the value of overshoot is 0.1790. B

Figure 2: Partial Fourier series plot for Eq.(3) (25:1 by sin(nmz)) for different N with Max overshoot of
O,, at x4
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